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Abstract 

We study geometrical aspects of the space of fibrations between 
two given manifolds M and B, from the point of view of Frechet ge- 
ometry. As a first result, we show that any connected component of 
this space is the base space of a Frechet-smooth principal bundle with 
the identity component of the group of diffeomorphisms of M as total 
space. Second, we prove that the space of fibrations is also itself the 
total space of a smooth Frechet principal bundle with structure group 
the group of diffeomorphisms of the base B. 

1 Introduction and results 

The aim of this paper is to study some geometrical properties of the 
space Fib(M, B) of all smooth fibrations ir : M — > B, with M and B 
smooth finite-dimensional manifolds. By "fibration" we always mean 
a locally trivial fiber bundle. According to Ehresmann Theorem [T], 
Fib(M, B) is nothing but the space of all smooth surjective submer- 
sions from M to B. This space is known to be an open subset of the 
Frechet manifold of all smooth maps C°°(M, B), provided M is closed 
(see e.g. [2j, p. 85). Throughout the paper, M (and B) will always 
be assumed to be closed and we will study Fib(M, B) in the frame- 
work of Frechet differential geometry (see [4] or [2] for comprehensive 
introductions). 

This work is actually part of a larger project dealing with the study 
of the space of Lagrangian fibrations of symplectic manifolds, in order 
to derive applications to the theory of Hamiltonian completely inte- 
grable systems (this is the topic of subsequent papers [HE])- The 
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present article consists of a preliminary study of the general (non- 
Lagrangian) case. 

Suppose Fib(M, B) is non empty and let ttq £ Fib(M, B) be a 
flbration. A n^- vertical diffeomorphism (ft is a diffeomorphism of M 
which lifts the identity of B : i.e., which satisfies 

tto 4> = ^o- 

We denote by Diff (M) the group of diffeomorphisms of M, by Diffo(M) 
its identity component and by Q no the subgroup of all 7To-vertical dif- 
feomorphisms. We prove two independent theorems on the geometry 
of Fib(M, B). The first one relates the diffeomorphism group of M 
and Fib(M,S). 

Theorem 1. Let tt 6 Fib(M,B). 

1. The action of (resp. Q^ a n T>iS (M)) on Diff(M) (resp. 
Diffo(M)J by right composition gives Diff(M) (resp. Diffo(M)J 
the structure of a Frechet principal bundle. 

2. The connected component of no in Fib(M, B) is naturally Frechet 
dijfeomorphic to the quotient space Difl ? o(M)/(t/ 7ro nDiffo(M)). 

The first and second parts of this theorem are proved respectively 
in Sections [3] and HI 

Remark. The action of Q VQ by left composition leads also to a prin- 
cipal bundle structure, naturally obtained from the previous one by 
conjugation by the inversion of diffeomorphisms. 

Remark. The diffeomorphism that we construct to prove the second 
part of Theorem [T] is induced by the map 

Diffo(M) — ► Fib(M, B), eft i-» vr o eft' 1 . 

Note that in general, the analogous map defined on Diff(M) is not 
surjective onto Fib(M, B), so that there is no similar result without the 
connected components assumptions. Indeed, for some manifolds M, B 
one can find two fibrations 7Ti,7T2 : M — > B with non- diff eomorphic 
fibers, which therefore can not satisfy tt\ = Tt2°(ft for any (ft € Diff (M). 
For instance, let M = §3 x §2, B = §2, tti be the canonical projection 
onto its second factor and tt2 be the composition of the Hopf flbration 
§3 — ► §2 with the projection onto the first factor. The fiber of 7Ti is 
then §3 while the fiber of tt2 is Si x §2- 

One immediate consequence of Theorem [1] is that Diffo(M) acts 
transitively on each connected component of Fib(M, B). This was 
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already proved by Michor in [6] using the Nash-Moser implicit function 
Theorem. On the contrary, our proof is based on explicit constructions. 

A corollary of this transitivity property is the following lemma, for 
which we can also give a very simple and direct proof: 

Lemma 2. Two fibrations ttq, tti lying in the same connected compo- 
nent of Fib(M , B) have diffeomorphic fibers. 

Proof. Since Fib(M, B) is a smooth Frechet manifold, one can find a 
smooth loop II in Fib(M, B) going through ttq and 7Ti. This loop then 
defines a map 

ft : S 1 x M -» S 1 x B, (s,x) ^ (s,U(s)(x)) 

which is a submersion. Indeed, its differential is everywhere upper- 
triangular with submersive diagonal blocks. Then, according to Ehres- 
mann Theorem [T], II is a fibration and in particular its fibers are all 
diffeomorphic to each other. In particular the fibers of ttq are diffeo- 
morphic to those of tt\. □ 

The second theorem concerns the action of Diff(I?) on Fib(M, B) 
by left composition. It was inspired by Michor's article [5] about the 
principal bundle structure of the space of embeddings. 

Theorem 3. Let ttq € Fib(M, B). Suppose that ttq admits a global 
section. Then, the action of Diffo(-B) by left composition gives the 
connected component of ttq in Fib(M, B) the structure of a Frechet 
Diffo(£>) -principal bundle. 

We will prove this theorem in Section 

Remark. Intuitively, two fibrations in the same orbit under the action 
of Diffo(-B) define the same foliation of M, so that the quotient space 
can be viewed as the space of bundle-like foliations. 

Remark. Theorem [3] still holds when one replaces Diff (-B) by Diff (£?) 
and the connected component of ttq by the subset of Fib(M, B) con- 
sisting in all fibrations admitting a global section. This subset is a 
union of connected components as follows easily from Theorem [U 

Remark. What happens when ttq does not admit any global section 
remains an open problem. 

Strangely enough, when M is symplectic and we consider the smaller 
space of Lagrangian fibrations, we have been able to prove the exis- 
tence of the principal bundle structure (under the action of the whole 
Diff(£?)) without any assumption on the existence of a global section 
[3]. The methods used therein involve the Nash-Moser Theorem but 
unfortunately do not apply here. 
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In this section, we prove two independent lemmas that will be useful 
in the proof of both Theorems [J] and 03 

Lemma 4. Let p : X — > B be a fiber bundle and Y C X a subbundle, 
i.e., a submanifold of X such that the restriction of p to it defines a 
fiber bundle over B. Then, there exists a tubular neighbourhood U of 
Y , whose associated projection q : U — > Y is p-vertical, i.e., 



Remark. Notice that in the case where X — > B is a vector bundle, 
one can construct this tubular neighbourhood with the help of "local 
additions", as defined in [5]. 

Proof. The usual construction of tubular neighbourhoods is the fol- 
lowing. We first consider the normal bundle Ny to Y, which is a 
vector bundle over Y. Then, with the help of a Riemannian metric on 
X, we can construct a diffeomorphism <p from a neighbourhood of the 
0-section in Ny to a neighbourhood of Y in X. Namely, one identifies 
any element of Ny with a tangent vector on X which is orthogonal 



2 Preparation Lemmas 



p o q = p. 




B 
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to Y, and the exponential map provides a point in X . Then, the pro- 
jection q corresponds through the diffeomorphism cp to the projection 
Ny — » Y. Unfortunately, constructed in this way, q has no reason to 
be p- vertical. 

Instead of fixing a metric on X and using the corresponding expo- 
nential map to construct 4>, we rather take a smooth family of metrics 
{gb)b£B on the- fibers Xb = p~ l (b). Such a family can be obtained for 
example by restricting a given metric g on X to each fiber Xf,. Then, 
at each point x G Y, we denote b = p{x) and we identify Ny (x) with 
the vector space W x orthogonal to T x (Y n Xb) in T x Xb, with respect 
to the metric on Xb, simply by 

W x - iVy (x) = T X X/T X Y 
V ^ [V\. 

This is injective since the intersection of W x with T^Y is trivial. It is 
also surjective because of dimension matching. Indeed, the dimension 
of Ny (x) equals dimX — dimY. On the other hand, the dimension 
of W x is just dimXb — dirnY,, where Yb = Y fl Xb- But this is equal 
to (dimX — dimi?) — (dimy — dimS), hence to dimNy(x). This 
defines therefore an isomorphism between W x and Ny (x). 

The construction of the diffeomorphism cfi is as follows. For any ele- 
ment in Ny (x) at some point x G Y, we take the corresponding vector 
in W x . Then, we use the exponential map associated to the metric 
where b = p(x), and obtain a point which lies by construction in the 
same fiber Xb as x does. The smoothness of this map is clear. The 
fact that it is a diffeomorphism from a neighbourhood of the 0-section 
in Ny to a neighbourhood of Y in X, follows from the property that 
the linearisation at x of the exponential map is simply the identity on 
T x Xb- Finally, the fact that q is p- vertical follows directly from the 
construction of (p. □ 

Lemma 5. Let J- be a Frechet manifold together with an action of a 
Frechet Lie group Q . Suppose that there exists a Frechet space £, such 
that for any f G T , there exist a Q-invariant neighbourhood W/ of f 
in T , an open set V/ in Ai and a Frechet diffeomorphism 

Qf.Wf^Gx V f , 

which is equivariant under the action of Q , i.e., for all g G Q, if G Wf, 

where $j denote the respective components ofQf. 

Then, T has the structure of a Frechet principal Q -bundle. 
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Proof. Let Q denote the quotient space of T under the action of Q, 
endowed with the quotient topology. Let us check that Q is a Frechet 
manifold. 

For any f £ J 7 , the set V/ is then homeomorphic to some open 
set Uf in Q and the family {Uf)f & jr covers Q. Let us check that Q 
is Haussdorf. Let q, q' be distinct elements of Q. Let U denote one 
element of the family (Uf)f & jr containing q. If q' is in U, since the 
Prechet manifold M. is haussdorf, there are two disjoint open subsets 
in U (and thus in Q), containing respectively q and q' . If q' is not in 
U, then we can also find two disjoint open sets containing q and q' by 
taking any open neighbourhood of q in U whose closure is included 
in U and the complement of its closure in Q. This is possible since a 
Prechet topology is metrizable. 

Now, let q = & 2 f(f) and q' = be two distinct elements in 

Q, with two neighbourhoods Uf, Uf such that Uf r\Uft ^ 0, and such 
that there exist two homeomorphisms <p : Uf — > Vf, (/)' : Uf — > Vf. 
Then, for any fixed g € Q, the transition map can be written 

4> ^UiUfCUf) = ° (^ , /)~ 1 |{ 9 }x^(w / nw / ,) 

and hence is smooth. Therefore, the family of sets (Uf) / g jr is a smooth 
Prechet atlas for Q. 

Finally, we see that the family of maps (<E>j)j g jp are smooth local 
equivariant trivializations whose second coordinate correspond to the 
natural projection T — > Q. We thus have a principal bundle structure. 

□ 

3 The principal bundle structure of Diff(M) 

In this section, we prove that given a fixed fibration ttq : M — > B the 
action 

g 7ro xDiff(M) — ► Diff(M) 

(if), (j)) I ► (f)Ot/j 

gives Diff (M) the structure of a Prechet principal bundle with struc- 
ture group , as claimed in the first point of Theorem [U We leave 
to the reader to check that the proof works if one replaces Diff (M) by 
Diff o (AO and by n Diff(M). 
The proof is divided in three steps: 

• In Section 13.11 we show that the orbits of the (/.^-action are 
Frechet submanifolds of Diff (M) and in particular that Q VQ is 
indeed a Frechet Lie group. 
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• Then, in Section [3T21 we construct a Q no -invariant neighbourhood 
U of Id € Diff (M) together with a Frechet submanifold S C 
transverse to the Q no -orbits. 

• Finally, Section 13.31 provides the construction of the local charts 
of the Prechet principal bundle 

Diff(M) du — >Sx g no . 

Thanks to the transitive action of Diff (M) onto itself by left 
composition, we then obtain a chart near any <p G Diff(M). 

Throughout the proof, we will use intensively the standard identifica- 
tion of smooth maps on M with smooth sections of M x M, namely 

C°° (M, M) ^ V (M, M x M) 
<t> .— » 4>=(Id,<f>). 

Here and always except when stated explicitly, M x M is viewed as 
a trivial bundle over the first factor. Notice also that through this 
identification, diffeomorphisms of M correspond to an open subset of 
r (M, M X M), which we denote by Diff (M). 



3.1 The structure group Q no 

We construct a subbundle N C M x M over M which will provide later 
a suitable principal bundle chart for Diff (M) around Id. We define 
the subset N by 

N = {(x,y) £ M x M | vr (x) = tt (y)} . 




x M 



This is nothing but the pullback bundle of M ^ B by the (same) 
smooth map ttq : M — > B, hence a subbundle ofMxM over M. This 
subbundle provides a nice parametrisation of the Q no -orbits because 
of the following equivalence. 
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Lemma 6. Let <f> G Diff(M) be a diffeomorphism. Then the corre- 
sponding (j) ET (M, M x M) lies in T (M, N) if and only if <fi € Gir ■ 

Proof. If G Q no , then for each x, ttq o cfi(x) equals ttq (x) since (j> is 
vertical with respect to ttq. But this precisely means that (x, <f> (x)) lies 
in N for all x G M, i.e., |eT (M,N). Conversely, if (x,4>(x)) G iV 
for all x G M, this means by definition that 7To (x) = ttq o (p (x) for all 
x, hence G C^. □ 

It follows from this lemma that Q no is identified through the corre- 
spondance (j> i— > with the intersection of the open subset Diff (M) C 
r(M, M x M) and T(M,iV). On the other hand, it is well-known 
Exp 4.2.2] that the set of sections of a subbundle is a Frechet subman- 
ifold of the set of sections of the bundle. Therefore Q no is a Frechet 
submanifold of Diff (M). Moreover Q no is also a subgroup of Diff (M), 
which is a Frechet Lie group. This proves the following. 

Lemma 7. The group Q T0 is a Frechet Lie group. 

Notice that the corresponding Lie algebra is T(M,V no ) C X(M), 
where C TM is the 7To-vertical tangent bundle of M, i.e., V no (x) = 
ker Dtto (x). 

Notice also that the orbit of any <fo G Diff (M) is also a Frechet 
submanifold of Diff (M). Indeed, this orbit is simply the image of 
by the left composition map : Diff (M) — > Diff (M) which sends 
any <p to 4>o°4>. This map is smooth [2j Exp. 4.4.5] and it inverse L^-i 
as well. It is therefore a Frechet diffeomorphism of Diff (M), and the 
result follows. 



3.2 The local section S 

We now need a tubular neighbourhood of N in M x M with special 
properties, reflecting the fact that fibers of iV over two different points 
x, x' G M satisfying ttq (x) = ttq (x') are identified, since both are 
naturally identified with vr^ 1 (ttq (x)). 

Lemma 8. There exists a tubular neighbourhood U C M x M of N, 
which is invariant under the action of Gn on the second factor and 
whose projection P : U — > N has the form 

P(x,y) = (x,P 2 (x,y)) 

with P2 : U — *■ M satisfying P2 (ip (x) , y) = P2 (x, y) for any tp G Q^. 



Proof. In order to get the required -invariance property of our tubu- 
lar neighbourhood inside M x M, we will first make a construction in 
B x M and then lift it to M x M. 

Let us consider the trivial bundle B x M over B. Similarly as 
above, one defines 

N={(b,y)eBxM\b = 7r (y)}, 

which is a subbundle of B x M over B. Its fiber over b is simply 
{6} x ttq 1 (b). Now, according to Lemma HI we can construct a tubular 
neighbourhood U C B x M of TV such that the fibers of its associated 
projection P : U — > N are included in the fibers of B x M , i.e., P has 
the form P (b, y) = (b, P 2 (b, y)) . 

On the other hand, one can assume that U is invariant under the 
action of G no on the second factor of B x M. Indeed, for any neighbour- 
hood V C BxB of the diagonal, the set p~ l (V), where p : BxM — > M 
is defined by p (b, x) = (6, ttq (x)), is a neighbourhood of N in B x M, 
Then, we can take V so small that p~ l (V) is contained in U . To see 
this, fix a metric on B x M and consider the distance 5 between N 
and the boundary of U. It is non-vanishing by compactness of M and 
B. Then one can take V with a diameter smaller than S, implying 
(V) C U. In other word, up to taking U smaller, we can assume 
it has the form U = p^ 1 (V), which is by construction invariant under 
the action of Q no on the second factor of B x M. 

Now, if we define tt : M x M — >• B x M by 7ro (x, y) = (vro (x) , y), 
it follows that ttq 1 (^N^j is precisely and that U = ttq 1 (uj is a 
neighbourhood of N. Then we check easily that the map 

P : (x, y) i — > (x, P 2 o 7T (x, yj\ 

is indeed a projection from U onto N. Moreover, by construction for 
any ip £ Q no and any point x £ M, one has ttq (x) = ttq (ip (x)). This 
implies that 

Pi tto (tp {x) , y) = P2 ° VTO (x, y) 

and therefore P2(ip(x) 1 y) = P2(x,y). On the other hand, it is 
straightforward to check that U is invariant under the action of Q no on 
the second factor of B x M, because U is so. □ 

The next step is to construct a submanifold S C Diff (M) which is 
transverse to the (/^-orbits. We consider the subbundle N C M x M 
defined at the beginning of the section, and the associated tubular 
neighbourhood U — > N of Lemma [8l Then we denote by A C M x M 
the diagonal and by z-a the associated inclusion. Clearly, A lies actually 
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in N. Then we define S = P~ l (A). It is a submanifold ofMxM, 
but in fact will see that it is even a subbundle ofMxM transverse 
to N. 

To prove that it is a subbundle, first notice that S is nothing but 
the total space of the induced bundle l* a P over A. Then, since the 
restriction to A of the first projection Pm '■ M x M is a diffeomorphism 
A —> M, one gets by composition a bundle S —>■ M. Finally, since 
Pm P = Pm, the projection of this last bundle is nothing but the 
restriction of Pm to S, so that it is indeed a subbundle of M x M. 
Since TS contains the vertical direction of the bundle P over N, S is 
transverse to N. 

Consequently, the set of sections of S or more precisely 

S= {</> G Diff(M) I 4> er(M,s)J , 

is a Frechet submanifold of Diff(M). The following characterisation 
will be useful. 

Lemma 9. A diffeomorphism (j) lies in S if and only if P o <j) = Id. 

Proof. First, the left composition of a section <j) G T (M,M x M) by 
P is still a section. Therefore, P o (ft equals Id if and only if its image 
Pocj) (M) coincides with the image of Id, namely A. But this happens 
precisely when the image of <fi lies in 5, by definition of S. □ 

3.3 The principal bundle charts 

We now have all the technical tools for defining the principal bundle 
charts on Diff (M). We first define a chart near Id. We consider the 
open set U from Lemma [8] and define the set 

U = U G Diff (M) I im (£) C U\ 
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which is an open neighbourhood of Id in Diff(M). It is also Q no - 
invariant because of the corresponding property for U. 

On the other hand, in the definition of the principal bundle chart 
below, we will need that the composition P o lies in Diff (M), or 
equivalently that the second factor P2 o is a diffeomorphism. We 
thus have to restrict to the smaller set 

U=\j)£U\P 2 oj)e Diff (M)} , 

which is open since the left composition by P2 is a Frechet smooth 
map. The set U turns out to be also Q no -invariant. Indeed, for any 
€.U and any ip € Q no , we compute P2 o <p o ijj. This gives 

P 2 o (Id, o -0) = P 2 o (V>, o V) 

because of the second property of P given in Lemma [8l But this is 
equal to P2 o o ip which is a diffeomorphism of M since both Pj o 
and -0 are so. 

Lemma 10. The map 

$:U — > 5x6 IB 

1 ► (05,-0), 

where = P o $ and 05 = o « s well-defined and is a Frechet 
smooth diffeomorphism, whose inverse is 

: (05,0) 1 > 0S 

Proof. First we check that this definition makes sense. Since the image 
of P lies in N, it follows that -0 is a section of N and, thanks to 
Lemma [U that ^ € Gir - It remains to check that 05 lies indeed in 
S. According to Lemma we only need to check that P o <j) S = Id, 
or equivalently that P2 ° 4>s = Id. The composition P2 o cpg equals 
P2 o (id, o tp ). Now, if we use the property of P2 given in Lemma 
El we obtain P2 o (ip^ 1 , o _1 ) and thus P 2 o o But this is 

exactly tp o ip~ l and thus Id. The map $ is therefore well defined. 
It is also smooth since it is made of compositions and inversion of 
diffeomorphisms, which are both Frechet smooth [2j Exp. 4.4.5 and 
4.4.6]. 

Now, the image of the claimed inverse is included in U . Indeed, 
since S is included in U, then S is included in U. It is moreover in 
U thanks to Lemma Finally, U is Gttq -invariant, hence the image of 
< I>~ 1 is included in U. 

Then, it is straightforward to see that the claimed inverse is a 
left inverse of <I>. Let us check that it is also a right inverse. For any 
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05 € S and any tp € Q- KQ we have to compute ((f)' s ,ip') = <J? (efts otp). 
First, we have tp' = P 2 o (j) S o tp, i.e., 

xj}' = P 2 o (Id, 05 o V) ■ 

But the property of P2 given in Lemma [8] shows that this equals P 2 o 
05 o ^. On the other hand, since 4>S lies in 5, one has P 2 <ps = Id, 
hence ^/ = tp. Therefore, $ (05 o tp) is equal to (4>' s ,tp) with 0^ given 
by 4>s fp V' -1 which thus coincides with cp$. We have thus proved 
that the map (<f>s,ip) *— 51 4>s "0 is indeed the (double-sided) inverse of 
$. □ 

Therefore, near Id £ Diff(M), we have constructed a diffeomor- 
phism $ from a Q no -invariant neighbourhood U of Id to S x C^. It is 
actually ^rQ-equivariant, as one can easily check on the inverse <E» . 

Then, near any <p € Diff (M), we can construct a similar diffeomor- 
phism 

: U<t>o > S <Po X ^0> 

where and <S0 O are obtained respectively from and <S by left 
composition with 0o. The map $0 O is simply defined by 

$^ (0) = (0o o $ 5 o 0) , <D^o (0-1 o 0)) , 

where $ and $^0 are respectively the S and Q no component of $. 

Finally, it follows from Lemma[5]that the maps form a principal 
bundle atlas for Diff (M) with structure group Q no . 

4 The quotient space Diff (M)/(& o nDiff (M)) 

In this section, we prove the second part of Theorem [TJ 

Proof. First recall that, as already mentioned in the introduction, 
Fib(M, B) is an open subset of C°°(M, B). Let vr G Fib(M, B). The 
smooth map 

: Diffo(M) -> Fib(M, S), i-» vr o 0" 1 

induces a map 

* : Diff (M)/(^ n Diffo(M)) -» Fib(M, J3). 

In order to prove that ^ is a diffeomorphism onto the component of 
7ro, we will prove that it is injective, smooth, that it admits a local 
smooth inverse near any point and finally that its image is the con- 
nected component of ttq . 
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Proving the injectivity is easy: for any two diffeomorphisms <j)\, <f>2 € 
Diffo(M) satisfying ttq o cj)^ 1 = tt o then (p^ 1 o <fi 2 obviously 
belongs to Q no and thus 4>\ and 4>2 represent the same element in 
Diff (M)/(^ o nDiff (M)). 

The fact that ^ is smooth follows from the first part of Theorem 
[H Indeed, for any ip in the quotient Diffo(M)/^ , the first part of 
Theorem Q] implies that there exists a smooth section a of the bundle 
Diffo(M) — ► Difl ? o(Af)/^ 7ro defined on a neighbourhood of ip. On this 
neighbourhood, can be written \I/ = iff o a and therefore is smooth. 

To construct a local inverse to we will make use of the following 
lemma which relates the spaces of sections of two different fibrations 
of the same manifold. 

Lemma 11 (Roy [7]). Let X be a smooth manifold andpi,p2 ■ X — > 
M be two fibrations over M. Suppose there exists a common section 
sq : M — > X, i.e., a smooth map satisfying 

Pi ° so = P2 ° so = Mm. 

Then, there exists open subsets V\ C T(pi) and V2 C T(p2) containing 
so and such that the map 

Vi — > V2, QH«o(|) 2 o Ci) 1 
is a diffeomorphism. 




Figure 1: On this picture, the graph of Sq is identified with M 

For the sake of completeness, we briefly recall its proof. 

Proof. First of all, the map A : r(pi) -> C°°(M,M), a i-> p 2 a 
is smooth and in particular continuous so that the pre-image V\ of 
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the open subset Diff(M) C C°°(M,M) is an open subset of T(pi). 
Moreover, so € V\ since A{sq) = Id. The map a i— ► a o (p 2 o a) -1 
is well-defined on V\ and smooth, because built of compositions and 
inversion of diffeomorphisms. On the other hand, the image of a is 
indeed a section of P2, since P2 o a o (p 2 o a) -1 = Id. 

Reversing the roles of pi and p 2 one construct similarly a map 
(3 i— ► /3 o (p 1 o defined on some open set V2 C r(p2) containing 

so- It is then easily checked that, up to taking smaller V\ and V2, this 
map and the previous one are inverse to each other. □ 

Let us now use Lemma [ED to construct a local inverse to VP around 
7r . Denote by pu '■ M x B — > M and ps ■ M x B — > S the nat- 
ural projections on the first and the second factor respectively, and 
so : M — > M x £?, x 1— > (a;,7ro(x)). It turns out that the graph of so 
is a subbundle of ps precisely because ttq : M — ► xi? is a submersion. 
Therefore, according to Lemma HI there exists a tubular neighbour- 
hood X of the graph of so whose projection q is ps-vertical. 

We now define the two necessary fibrations for applying Lemma 
[TT1 The first one p\ : X —> M is simply the restriction of pu to X. 
The second one P2 ■ X — > M is given by P2 = Pi 9- Now, we see 
easily that so, which is obviously a section of p\, is also a section of p2- 
This is because the projection q acts as the identity on the graph of so- 
Therefore, we can apply Lemma [TT] and deduce that for any section 
s = (Id, 7r) of pi close to so, there exists a diffeomorphism / G Diff(M) 
(depending smoothly on s and hence on 7r), such that so f is a section 
of p2- Note by the way that since Fib(M, B) is open in C°°(M, £>), if s 
is sufficiently close to so, then ir is a fibration. On the other hand, by 
construction any section of P2 has the form (g, 7To), with g : M — ► M. 
Indeed, for any x G M, the fibre p^i^) is contained in M x {&}, with 
6 = tto(x). Thus, one has 



This proves in particular the crucial property it o f = ttq. 

We denote [/] the image of a diffeomorphism / G Diffo(M) in the 
quotient Diff (M)/(^ 7ro n Diff (M)). The map \ ■ ^ ^ [/] is our 
candidate for being the local smooth inverse of ^ around no. Indeed, 
for any 7r near 7To, one has 



(/,7r°/) = so/ = (5,710). 



( X (7T)) = ([/])=¥(/)= 7T0 O / 



= 7T. 



Conversely, for any [/] close to [Id], x ( ^([/]) ) is given by 




X (*(/))= X(vr o/- 1 )=M 
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where g E Diff(M) satisfies i^o ° f 1 ° 9 = ~kq. But this precisely 
means that f~ l o g E Q wo , hence [g] = [/]. Now, around any element 
^f((j)) = tto o cj)~ l in the image of i&, we construct the local inverse of 
^ by 7T i — > (J) o [y("7t o 0)]. Here, the left composition of 4> with a class 
[/] is defined to be [<j) o /], which makes sense because <fio (f o Q nQ ) = 
(eft o f)oQ nQ . We leave to the reader to check that this is indeed a local 
inverse of ^f. 

Let us now finish our proof. It remains to show that the image of 
^ is exactly the connected component of ttq in Fib(M, B). First, the 
image of * is connected since Diffo(M) is. Then, let tt\ be an element 
in the connected component of no in Fib(M, B), so that there exists 
a path (nt)tG[o,i] joining them. The compactness of [0, 1] allows us to 
find = to < ■ ■ ■ < tk = 1 such that for any i = 1, . . . , k, tt^ belongs to 
the domain of the local inverse as constructed previously around 7Tt i _ 1 
(just replace ttq with 7Tt i _ 1 ). Therefore, for any i = l,...,k, there 
exists an element 4>i in Diffo(M) such that 

■*U = ICU-i 0( f>i- 

Thus 7Ti = 7To o (0 fc o . . . o (f>{) which implies that iri lies in the image 
of □ 

5 The principal bundle structure of Fib(M, B) 

This section is devoted to the proof of Theorem [3l 

Proof . — Let ttq E Fib(M, B) and a be a global section of 7i"o, 
i.e., 7Too<7 = Ids. We denote by Fibo(M, B) the connected component 
of 7To in Fib(M, B) and consider the set S of all fibrations for which a 
is a section: 

S = {vr 6 Fib (M, B) \ ir o a = M B }. 

As a first step, let us prove that S is a Frechet submanifold of 
Fibo(M, B). To see this, first remark that since Fibo(M, B) is a ho- 
mogeneous space (Theorem [T]) , we can work in the neighbourhood of 
7To without lack of generality. Then, remember that there exist an 
open set U in Fibo(M, B) containing ttq and a Frechet diffeomorphism 
: hi — > V onto a neighbourhood V of the zero section in the Frechet 
linear space of sections T(ttqTB) of the vector bundle ttqTB over M . 
Moreover, this chart ^ can be chosen so that for all x E M and all 
7r E U, tt(x) = ttq(x) if and only if ^(7r)(x) = 0. 
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Now, if we denote by S the submanifold of M which is the image 
of the section a, we see that for ir G U, 

ir £ S vr| E = 7r |s *(7r)| s = 0. 

Let us consider the space T^(ttqTB) of sections of tTqTB which vanish 
on T, and let us show that it is a closed subspace of T(ttqTB) with a 
closed complement. 

First, T-£(ttqTB) is obviously closed, so that it only remains to 
construct a closed complement. To any vector field x over B> we 
associate the section % of ttqTB defined by 

X = X°k - 

Now, we consider T = {x\x £ T(TB)} the set of sections of -KqTB 
which lift vector fields on B. The set T is a closed linear subspace of 
T(itqTB). Moreover, for any s € T(ttqTB), we can consider the vector 
field s o a over B. In the decomposition 

s = (s — soff) + 3~cTcx, 

the first term lies in F^(ttqTB) while the second is in J 7 , hence 

T(tt*TB) =T s (tt* TB) + T. 

Since moreover Fe(ttqTB) and T have trivial intersection, the sum is 
direct and J 7 is a closed complement of T^(ttqTB). This proves our 
claim that F^(7TqTB) is a closed subspace of F(ttqTB), with closed 
complement. 

Consequently, the image of S n U by \l/ coincides with the inter- 
section of V with a closed complemented linear subspace of T(ttqTB). 
This shows that S is a Frechet submanifold of Fibo(M, B). 
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Let us now consider W = {vr G Fih (M,B) \ tt o a € Diff (-B)}. 
Since the right composition by a is a continuous map, W is an open 
subset of Fibo(M, B). It is moreover invariant under the action of 
Diffo(-B) by composition on the left. We are going to show that there 
is an equivariant Frechet diffeomorphism 

W ~ Diffo(-B) x S, 

where the action of Diffo(-B) on the right hand side is given by com- 
position on the left on the first factor. Because of Lemma this will 
achieve the proof of Theorem [3l 
Let 7r G W and set 

3>(7r) = (ir o a, (-7T o a)" 1 o -tt). 

The first factor is obviously in Diffo(-B) and the second in W n S. 
Since composition and inversion are smooth maps $ is also a smooth 
map. Moreover, the fact that $ is equivariant is easily checked: for 
any (j) € Diffo(-B), tt € W, one has 

$(^) O 7r) = ((f) O 7T O a, ((j) O 7T O O")" 1 O O 7r) 
= (0 O (-7T O 0"), (-7T O a)" 1 O 7r). 

Finally, $ has a smooth inverse given by the map (</>, vrg) i— >- (f> o its. 
□ 



References 

[1] C. Ehresmann. Les connexions infinitesimales dans un espace fibre 
differentiable. In Seminaire Bourbaki, Vol. 1, pages Exp. No. 24, 
153-168. Soc. Math. France, Paris, 1995. 

[2] R. S. Hamilton. The inverse function theorem of Nash and Moser. 
Bull. Amer. Math. Soc. (N.S.), 7(l):65-222, 1982. 

[3] V. Humiliere and N. Roy. Lagrangian submersions and space of 
completely integrable systems. In preparation. 

[4] P. W. Michor. Manifolds of differentiable mappings, volume 3 
of Shiva Mathematics Series. Shiva Publishing Ltd., Nantwich, 
1980. 

[5] P. W. Michor. Manifolds of smooth maps. III. The principal bun- 
dle of embeddings of a noncompact smooth manifold. Cahiers 
Topologie Geom. Differentielle, 21(3):325-337, 1980. 



17 



[6] P. W. Michor. Applications of Hamilton's inverse function the- 
orem to manifolds of mappings. In Convergence structures and 
applications, II (Schwerin, 1983), volume 84 of Abh. Akad. Wiss. 
DDR, Abt. Math. Naturwiss. Tech., pages 159-162. Akademie- 
Verlag, Berlin, 1984. 

[7] N. Roy. Weinstein tubular neighbourhood for La- 

grangian submersions. Preprint. arXiv:0905.0594 

<[http://arxiv.org/abs/0905.0594>. 



18 



